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The present paper is devoted to the study of the confomatianaf transition of polypeptidcs which are capable of forming 
a-helix, /3-srructure and random coil conformations with the finite homogeneous chain model. The experimentaf results on the 
surfactant-induced conformational change of poly(t_-fysine) can be aelI described by the present model assuming cooperative 
binding of the surfactant ions to the polypeptide side groups. 

1. Introduction 

In this series of papers, we study the conforma- 
tional change of polypeptides which are capable of 
forming the a-helix, the /3-structure and the ran- 
dom coil (or the unordered) conformations from 
equilibrium statistical mechanics and from a dy- 
namic approach as well. The experimental studies 
of protein folding show that a 10~31 structure 
absent in a certain region of a protein appears 
sometimes in the intermediate stage of folding and 
disappears finally [l]. Actually there exist some 
regions in globular proteins where the prediction 
of the secondary structure reveals a similar possi- 

bility for a-helix and P-sheet [23. Some homopoly- 
mers like poly(L-lysine) are known to exist as 
a-helix, &sheet and random coil, and the confor- 
mation& transition occurs among these three 
structural states as a result of change in the pH, 
temperature and concentration of the solvent. 

Adonts et al. [3] have developed a general equi- 
librium theory of the intramolecular helix-folded 
structure ( ~-st~~ture~random coil transition in 
an infinitely long chain model. In this and the 

following papers, we study the equiiibrium as well 
as dynamic properties of the helix-& 
structure-random coil transition in a finite chain 
model. 

Satake et al. [4] have constructed the conforma- 
tional phase diagram of poly(r_-lysine) for the 
surfactant concentration vs. the temperature from 
circular dichroism, indicating the regions of a-helix, 
/3-structure and random coil. We will discuss their 
experimental results by our present model. 

2. Model 

We consider the conformational transition of 
polypeptides which can form two types of the 
secondary structures, i.e., a-helix and @-structure_ 
Their stabilities may be different from one another 
and they have several influences on the confonna- 
tional transition_ 

Consider a one-dimensional array of N sites. 
Each site is assumed to take one of three states, 
i-e_. a-helix, @structure in antiparallel pIeated sheet 
and random coil. The two ordered regions of the 

03014622/82/OOCQ-OOOO/SO2.75 8 1982 Elsevier Biomedical Press 



a-helix and ~-structure are assumed not to be in 
direct contact with each other, a random coil 
region being located between them. Consider a 
state of the polypeptide chain defined by specify- 
ing the state of each residue as being in the helical 
region. the /3-structure region or the random coil 
(or the unordered) region. The statistical weights 
of three types of secondary structures are defined 
as follows. 

The statistical weight [5] of the helical region 
consisting of nr sites is 

u fornr=l. 
== ,,.m - z for m r_ 2. (‘1 

A site at the interior of an uninterrupted sequence 
of more than two helical states contributes a factor 
IV. The factor u is contributed by a site at the end 
of an uninterrupted sequence of helical states and 
is less than unity representing the difficulty in- 
volved in nucleation of the helical region. 

The statistical weight of the &structure region 
consisting of m sites assigned by Kanb [6] is 
adopted in the following form 

,L A” UP - (2) 

which is obtained by the following considerations_ 
Fig. I is a schematic drawing of a typical anti- 
parallel pleated sheet. It is composed of five fi- 
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Fig. 1. Schematic drawing of a typical antiparallel &sheet. It is 
composed of five &strands (A-E). 

strands (A-E)_ The two terminal strands (A and 
E) are assumed to have half the length of the other 
strands (B-D)_ Half of the peptide groups consist- 
ing of the A- and E-strands and half parts of the 
B- :and D-strands and the peptide groups at the 
bends between strands do not have intramolecular 
hydrogen bonds but are rather immobile_ For sim- 
plicity it is assumed that at equilibrium the fi- 
structure has the conformation whose free energy 
contributed by these residues is minimum for the 
fixed number )n of residues consisting of the /3- 
structure region. The free energy of a &structure is 
then given by 

n + n’ . (3) 

where p and 17/2 are the free energies per residue 
of the bend region and two terminal strands. re- 
spectively- The free energy of fully hydrogen- 
bonded residues is assumed to be u/residue and is 
taken as the reference state. Then n and n’ are the 
numbers of sites of an extended B-strand and the 
bending part between strands, respectively_ If one 
site corresponds to one residue, two residues par- 
ticipate to form the bend conformation and have 
no hydrogen bond, i.e.. n’= 2. The first term of F 

is the free energy contributed by the bend confor- 
mation. where I~/(IZ + n’) is the number of the 
bends between strands. The second term comes 
from the end effect of a /?-structure. From the 
condition of the minimum of the three energy: 

W ( 1 a, m=Oe 

We obtain n = n* which gives the minimum free 
energy F*: 

F-=2~-lz~q+mv. (6) 

The statistical weight becomes 

,I&%-. (7) 

where a = exp( n’q/kT), p = exp( -- 2G/kT) 

and X = exp( - v/kT). Here X is the bulk term, 
and p is concerned with the surface area and gives 
the system cooperativity. FTZ_ 7 is assumed to hold 
even for small m. 



The statistical weight of a random coil region 
(or an unordered region) consisting of nr sites is 
P, but we can take u = 1 without loss of general- 
ity. From these statistical weights of three states 
we can carry out calculations of the probability 
distributions and the average numbers of the 
ordered state. 

The a-helix-&structure-random coil transition 
in the case of the infinitely long chaial limit can be 
treated by means of statistical mectianics. How- 
ever, Adonts et al. [3] had already published de- 
tails of the same kind of conformational transi- 
tion. Thus, we describe the results obtained inde- 
pendently by us in Appendix A for the conveni- 
ence of tke present studies for shs. t chains and 
partly because of the difference of the statistical 
weight for the p-structure which leads to a slightly 
different conclusion. 

The conformational phase diagram obtained in 
this system is shown in fig. 2, where the first-order 
phase transition between the &structure and the 
other two states is denoted by the dashed line. 
which is given by 

fig. 2. Calculated conformational phase diagram of the present 
model in the cases of an infinit& long chain and a short chain 
(N = 20). All calcutations are performed with u = 0.1. n = 1.5 
and p = 0.05 Straight tines represent eq. 29 with n/m = 112 
and (in K*-_(n/m)fn Km): (a) OS. (b) 1.2. (c) IS. 

The region above this line shows the phase in 

which all chains form completely /3-structure. The 
full line shows the conformational phase diagram 
in the finite chain case (see below). The model 
studied by Adonts et aL [3] shows a first- and 
second-order phase transition between the &struc- 
ture and other states depending on the values of 
the parameters. In the present model the second- 
order phase transition cannot occur due to the 
different definition of the statistical weight of the 
&structure. 

In the case of the usually investigated helix-coil 
transition the first-order phase transition cannot 
occur even in the infinite system. The transition of 
such a system is not an all-or-none type transition. 
In the infinite case of the present model the occur- 
rence of the first-order transition is caused by the 
long-range interaction in the /3-structure, accord- 
ing to the anaIysis of Wako and SaitB [7]. We do 
not enter into any details about infinite lattice 
systems. but we will discuss the system of finite 
chain length by paying attention to the occurrence 
of the near all-or-none type transition in the finite 
system. 

3. The finite chain system 

We develop here a finite chain model suitable 
for computer formulation. The probability distri- 
bution of the ordered states in a chain consisting 
of N sites can be obtained by a recurrence for- 
mula. We take the numbers of sites in each ordered 
state, i.e., the a-helix and the &structure. as mac- 
rovariables. Thus, let P.,,< j,n~,,nr~) be the unnor- 
malized probability distribution, used in the 
expression of the partition function. corresponding 
to the state consisting of m, a-helical sites and “zp 
&structure sites in the region from the jth to the 
Nth site. P_v(j,m__ma) is described by P_,.(i.m~. 
mk) for i > j. m, 2 mu: and m,B 2 rnk in the follow- 
ing recurrence formula: 

XP_,(j+ktl.m,- k.nza)i-e(ma) C fdi_i+ k - f) 
I--1 
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~,(j+k)PK(j+k+l.m,.mB-k) 

+L(_I)P.,(j+l.m,,m~)- (9) 

whereB(nr)=Oform=Oand@(m)=l formhl, 
fa( i, j) and fPs( i, j) are the statistical weights when 
the region from the ith to the jth site forms the 
a-helix and the /3-structure, respectively, and f,(j) 
is the statistical weight of the random coil state at 
the jth site. Here we put P,.( j. 0, 0) = 1 for 
N+l~j~N+$_andf,(N+l)=l.Thus,wecan 
carry out calculations of the probability distribu- 
tion also in the case of the hetercgeneous chain 
through the definitions of the statistical weight 
functions f,, fs and fc,_ Consistency conditions exist 
which come from the restriction between the num- 
ber of sites from thejth to the Nth and the sum of 
m, and mS: 

(1) N-jjmm,+mB form,==Oandmp=O. (‘0) 

(2)N-j+l~m,+m, form,=Oandma=O, 

orm,~Oandma=O. (11) 

Further, we have for m, = ms = 0, 

Condition 1 comes from the assumptil?n that the 
ordered segments are not in direct contact with 
each other, a random coil region be& located 
between them. We assume that the 1st and Nth 
sites are able to be in the a-helix, the &structure 
or the random coil states. For givenj of P,,,(j, mar 
mp), the set IVj of (m,, ms) is defined by the 
consistency conditions 1 and 2 and indudes (0. 0). 

Next, we define the probability distribution 
G(i, m,, mB) with m, helical sites and mB 
j3-structure sites between the 1st and jth sites. P,L,, 
can be calculated easily from PN by reversing the 
sequence, carrying out the calculation of PN(j, 
p>r,, 171~) and regarding P,,.,(N + 1 -j_ mar ms) as 
P,&(j, m,, mB)_ The partition function PF(j. N) 

from thejth to the Nth site is defined as follows: 

P&I3)= c P,(i.m-.ms). (13) 
(m,.mawM, 

The partition function P,( 1,j) from the 1st to the 
jth site is 

where Mj’ is the set MN+,_j determined by the 
consistency condition for the reversed sequence 
mentioned above. Therefore, the partition function 
Z, for all sites of this system is defined by, 

z,=PF(I,N)=PR(I.N). (‘5) 

Some useful quantities can be obtained from these 
distribution functions and partition functions_ The 
densities z,, pa and sE of the a-helix, the jktruc- 
ture and the random coil are given, respectively, 

by 

(16) 

(‘7) 

Pc=‘-Pp,-Ppa. (18) 

The probability Pju( i) (P,B( i)) that the i th site is in 
a j-island a-helix (&structure) is given as follows_ 
where aj-island means the sequence ofj consecu- 
tive ordered sites. Since several quantities of each 
ordered state, i.e., the a-helix and the &structure, 
are defined by the same formulae, we use the 
symbol y and use term y-structure instead of dis- 
tinguishing between the a-helix and the &struc- 
ture. Now we find, 

P,7(i)=$ 

mi”(r.N-,+I) 

c PR(I.k-2)/,(R-l) 

h i;-nua(i-_i+i.l, 

Xf,(k.k+;-l)f,(k+j)P,(k+;+l.N). (1s) 

where PR( 1, -I)= 1, P,(N+2, N)= 1. f,(O)= 1 
and f,( N + l)= 1 are defined. The probability 
Py(i) (y = a or j3) that the ith site is in the 
y-structure is given by 

P’(i)= g T(i)_ 
j - I 

(20) 

The average number ET of j-islands of y-structure 
is given by 

I n’-j*’ ET;,‘=.- c PR(l.k-Z)f,(k-l)fi(k.k+j-1) 
zN k-1 

Xf,(ki-j)P&k+j+l.N)_ (21) 

The average number my of islands, the probability 
hi’ that an island is a&island of y-structure, and 
the probability Pi’ that a y-structure site is in a 



j-island are given, respectively, by 

and 

(22) 

In the case where the macrovariables are defined 

by the number of sites. i-e_. nr, and nrp_ and the 

number of islands, i.e., k, and kp, of a-helix and 

P-structure, respectively, the probability distribu- 

tion PN(r7r,. nrS, li,, kp) can be calculated as 
described in Appendix B. 

4. Characters of this system 

Now we consider the statistical mechanical 
properties of this system_ In the present paper we 

restrict ourselves to the case of the homogeneous 
sequence, although we can treat also the heteroge- 
neous case with the same formulation_ Fig. 3 shows 

the &structure-coil transition in the absence of 

a-helical structures in order to study the property 

of the statistical weight of the &structure defined 

above. As shown in fig. 3. the transition property 
is rather insensitive to the values of the parameter 
a. We see also that the smaller the value of the 

parameter p becomes. the sharper is the transition 

Fig.3. Density of &s~ructure sites VS. h in the case of the 
j3-structure-random coil knsition with N = 20: (a) p = 0.01. 
(b) p = 0.05. (c) p = 0.1. (d) p = 0.3, (e) p = 0.5: solid lines. 
CX= 1.5: dashed lines. LX = 1.2. 

In this respect, the parameter p has a similar 
property to parameter u in the helix-coil transi- 
tion. Wako and Saito 173 carried out the calcula- 
tion of the probability P,_ defined in section 3. in 

order to see whether the transition of the system is 

an all-or-none type_ In figs. 4 and 5 the probabili- 
ties P, for the system of the helix-coil transition 

and the p-structure-coil transition are shown for 

several values of parameters w. p and X. respec- 
tively_ The systems of the helix-coil transition and 

the &structure-coil transition imply the systems 

in the absence of the P-structure state and the 
helical state, respectively. We can see that the P, 

exhibit two peaks having different properties_ In 
the helix-coil transition one of the two peaks 

moves gradually through the transition (a - b --f c) 
and the other stays unmoved, showing the diffi- 

culty of the initial nucleation. On the other hand, 

in the @structure-coil transition the two peaks 

scarcely move. This implies that one is thermody- 

namically stable while the other is metastable, and 
that through the transition the stable one becomes 

unstable and vice versa. This indicates that the 
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Fig. 4. Probability P, in the helix-coil transition. calculated 
with N = 20 and D = 0.1: (a) w = 1.0. p_ = 0.23; (b) w = 1.2. 
p, = 0.43; (C) w = 1.5. p, = 0.74. 
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Fig. 5. Probability P, in the &structure-coil transition: LX = 1.2 
and IV= 20. (a) = p 0.01. X = 2.5: (b) P = 0.05. x = 2.5: (b’) 
p = 0.05, h = 2.0: (c) p = 0.1. h = 2.5: (d) p = 0.3, X = 2.5. 

&structure-coil transition has a typical all-or-none 
transition character_ 

5. Application of the present model to the surfac- 
tant-induced conformational transition 

Through the experimental studies of optical ro- 
tatory dispersion and circular dichroism, poly(~- 
lysine) is known to exist as a-helix, P-sheet and 
random coil. 

Satake et al_ [4] have constructed the conforma- 
tional phase diagram of poly(L-lysine) in aqueous 
I-octanesulfonate solution from circular dichroism 
measurements at various temperatures and surfac- 
tant concentrations. They have detected the step- 
wise conformational changes from the random coil 
to the b-form and from the &form to the helical 
structure with increase in surfactant concentration. 
They have suggested that the surfactant ions are 
bound electrostatically to the polypeptide side 
groups with opposite charges, and then the hydro- 
phobic interaction between the bound surfactant 

ions plays a predominant role in the conforma- 
tional changes. Moreover, they have adopted the 
Zimm-Bragg theory for the helix-coil transition to 
interpret the titration curves of poly(r_-lysine) and 
poly(L-omithine) in sodium dodecyl sulfate solu- 
tion which undergo a coil-to-helix and coil-to-/3 
transition. respectively [Sj. 

Now we will apply the present model to the 
surfactant-induced conformational change of poly- 
peptides using a similar consideration to that of 
the cooperative binding model by Satake et al. [S]. 
That is, we assume that the conformational changes 
are caused by the binding of surfactant ions onto 
the polypeptide side chains and by the formation 
of a micelle-like clustering of surfactant ions. and 
that the hydrophobic interaction between the 
bound surfactants gives rise to the cooperativity. 
Moreover. it is assumed that the surfactant ions 
are bound to the polypeptide in a different way 
between the &structure and the helical structure_ 
The differences in cooperativity caused by the 
surfactant are brought into consideration in the 
present model. To examine the effects of the 
surfactant on parameters X and w. we consider the 
following association equilibrium between the 
surfactant ions and polypeptides: 

x.. 
. ..CIIIICC ___ t nrR- ti . ..caaac ____ (23) 

where K, is the binding equilibrium constant of )?I 
surfactant molecules to a site which follows an 
a-helical island, R- is the free surfactant mole- 
cule, a represents the site of a helix, and c is the 
site of a random coil. That is. it is assumed that 
the coil-to-helix transition of one site is caused by 
the electrostatic binding of one surfactant ion to 
the side group of an amino acid residue and 
clustering of (m - 1) surfactants by the hydro- 
phobic interaction_ From this scheme, w in the 
present model can be written as, 

Then we have 

inw=m23n[R-]+lnK,. (29 

where [R-l represents the concentration of free 
surfactant molecules. 



Similarly. for the &structure a similar associa- 
tion equilibrium holds, 

where KS is the binding constant of the surfactant 
to a site next to a /3-structural island without 
rearrangement of the /3-structure into a new one of 
free energy minimum. To investigate the relation 
between In w and In X, we define X as follows: 

(27) 

In X = R In[R-‘]+ln n-,. 

From eqns. 25 and 28. we have 

Yang et al. [9,IO] proposed the following ap- 
proach to determine the cY-helix, &sheet and un- 
ordered form in globular proteins in solution by 
circular dichroism data and optical rotatory dis- 
persion data. They assumed additivity of the con- 
tributions from individual forms, and the fohow- 
ing relation holds. 

[~l,=~,[~,lh+~s[~,l.;,~~~l~- (30) 

where the p values represent the fractions of the 
a-helix. P-sheet and unordered form. and the 8- 

-4 0 
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4 

Fig. 6. Calculated ellipticity [Olcgd vs. In IV with N = 20. 
pi = 0.1. n= 1.5 and pO.05. Letters a-c corresponds to strai&t 
tines a-c in fig. 2, respectively. 

values. the corresponding ellipticities. Tentatively. 
we put [0,]2,2 = -29 100. [@,j,,, = -6700 and 
[Bc]22z = + 3400 (deg cm’ dmol- ‘) which we read 
from the circular dichroism data at a temperature 
of 20°C and a waveleng:h of 222 nm (see Fig. 7). 

In fig. 2. the calculated conformational phase 
diagram vs. In w and In h with N = 20. u = 0.1, 
a = 1.5 and p = 0.05 is shown. Each region indi- 
cates that the density p of the state corresponding 
to that phase is greater than half. As mentioned 
above, the dashed line shows the transition curve 
between the j%structure and the other states in the 
infinitely long chain limit. Straight lines indicate 
eq. 29 with n/m = l/2 and several values of (In 

_‘(p - (n/m)111 K,). The choice of )I/HI = l/2 gives 
rise to the transition in the order of coil. p and CX’, 
as can be seen in fig. 2. As shown below. the value 
n/~n = l/2 gives a good agreement with the ex- 
periments of Satake et al. 141. On the other hand. 
the choice of higher values of RZ/PIZ yields the 
transition in the order of coil. 1y and p_ On the 
basis of eqn. 29. the calculated ellipticity [O]z%d is 
obtained as a function of In 13.. As shown in fig. 6. 

]@l,,Z ca’cd indicates that the conformational change 
occurs from the coil to p-form and the p-form to 
helix with the increase in In II‘ and that the p-form 
area disappears with the decrease in (in KD - 
(~r/>n) In K,) in eq. 29. If (In Kfi - (JI/??I) In K,) 

I t 1 

0 5 10 

103[l-octanesul~onatel/~oldn -3 

Fig.7. The plots of [8], vs. the concentration of I-ocrane- 
sulfonate. (1) 5°C. (2) 20°C. (3) 45°C. (From ref. 4.) 



is a monotonically increasing function of tempera- 
ture within the range of the temperature of the 
experiment, these results agree qualitatively with 
the experimental results given by Satake et al. 143 
shown in fig. 7. That is, at temperatures 1 and 2 
the transition from coil to helix occurs through a 
&form within a quite narrow transition region but 
at a lower temperature (3) the &form area disap- 
pears. Furthermore, as shown in fig. 7. the coil-to- 
&form transition concentration increases succes- 
sively with lowering temperature but the @-form- 
to-helix transition concentration shows similar but 
much less marked temperature dependence. 

The relation between the parameter In u* and 
the free surfactant concentration, which, for sim- 
plicity, is supposed to be proportional to the total 
surfactant concentration, is given by eq. 25. Sup- 
posing that Kti also is an increasing function of 
temperature, the constant surfactant concentration 
corresponds to a larger value of In iv with increase 
in temperature. Accordingly, the &form-helix 
transition concentration has less temperature de- 
pendence. 

Thus, we found that the surfactant-induced 
conformational change of polypeptides can be well 
interpreted, at least qualitatively_ in terms of the 
cooperative binding of surfactant icx to the poly- 
peptide side groups, as pointed out by Satake et al. 

141. 

6. Discuzdon and concbrsions 

In the present paper, we studied the o-helix-& 
structure-random coil transition from the view- 
point of equilibrium statistical mechanics. espe- 
cially for homopolypeptidcs. In the case of the 
infinitely long chain limit, as stated in Appendix 
A, we found that the phase transition occurs be- 
tween the Itj-structure and the other two states. 
This is the all-or-none type transition which seems 
to be characteristic of the folding of globular 
proteins- 

In the case of finite chain length, we described 
the method of computer calculations of proba- 
bility distributions and some useful quantities. By 
studying the Pi values, we found that properties of 
the all-or-none type transition into the &structure 

are still retained even in the case of a short chain. 
We applied the present model to interpret the 

surfactant-induced conformational transition of 
the polypeptides. Satake et al_ 143 have observed 
that there occurs a stepwise conformational change 
from the coil to &form and the &form to helix 
with increase in surfactant concentration for 
poIy(r_-lysine). It is assumed that the conforma- 
tional changes are caused by cooperative binding 
of the surfactant ions to the polypeptide side chains 
and that the &structure-bound surfactants are dif- 
ferent in cooperativity from the helix-bound ones. 
Supposing that the proper temperature depen- 
dence of the binding constant. in other words that 
K, and (In KS - (m/n) In K,) are increasing, 
functions of temperature, we find that the calcu- 
lated results can reproduce well the qualitative 
properties of the experimental results. 

The available data on the conformational tran- 
sition consisting of the three states are not plenti- 
ful. It should be emphasized that the values of the 
parameters used in this paper are tentative and are 
susceptible to change upon acquisition of more 
experimental data. 

In the following paper. we will deal with the 
same a-helix-@structure-random coil transition 
from the dynamic view point. The dynamic prop- 
erties of the conformational transition are usually 
different from the equilibrium one. especially for 
large perturbation of environmental conditions. 
This will be discussed in the following paper [ 121 

of this series of works. 

Appendix A: The cx-helix-&structure-random coil 
transition in the case of an infinitely long chain 

Following the treatment of ref. lI_ we discuss 
the phase transition in the case of an infinitely 
long chain limit. In terms of the partition function 
ZL, we define a limiting quantity p by 

/3p = ,lF% ( l/L)In .ZL. (Al) 

where L is the length of the polypeptide chain, i.e., 
the number of sites, and /3 = l/kaT, has its usual 
meaning. We introduce the generating function by 

G(x)= : x=z=_ (AZ) 
L-o 
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ff x0 is the radius of convergence of this series, we 
have 

&= --h-X0_ (A3) 

To construct the generating function G(x), we 
introduce several kinds of generating functions as 
follows. The generating function for a coil region 
between two islands is 

v,(x)= 2 xn=x 
I--X (A41 

“-1 

the generating function for an a-helical island is 

V,(X) = YX + c ?&=--2Xm 
m-2 
&’ 

= ‘cx -+ - . 
l-%+X (A51 

and the generating function for a &structure is- 
land is 

Q(s) = g Cry+“. (A61 
m-z 

On summing over all possible configurations we 
find 

+(x)=(1-x)-*+(1-.x)-’ 
m _z,() [::+n12) 

m,‘*m2-0 

x V,(_~)“‘V,(_~)“LVC(X)ml’ml-i 

=(I-.x)_$+(I-x)-‘(V,(x)+l’,(x))/ 

[ ‘-PLw+bb))vE(~)]- (A71 

The radius of convergence x0 is determined 
either by the exterior condition 

[V,(.~)+Y3(~)lV,(x)=t W3) 

or, from eqs. A5 and A6, by the interior condition 

H’S f 1 (A91 

or 

xX-1. (AI01 

For convenience, we reexpress eq. A8 as follows: 

J”B(W)‘P(X), (A”) 

where 

Q(x)=+- 
2 t 

c x: 
V,(X)=;-‘-SX-= 

I-%VwX- (At21 

The exterior condition means that x0 is an inter- 
secting point of VP(x) and Q(X). From eqs. A6 
and Al2, Q(X)-, +-co as x -+O + and Q(X)-+ 
- co as x + l/w - , but Q(X) converges at x = 
I/X. Therefore, for a given IV, -x0 exists such that 

vafl/h)-=P(x) forOcx==x,, (A13) 

then the radius of convergence x0 is determined by 
the interior condition (eq. A10) in the stated s-in- 
terval. Then densities of the a-helix and the p- 
structure are given, respectively. by 

and 

From eq. A 13, we have 

(-414) 

(AIS) 

Evidently, the densities exhibit a discontinuity at 
x = I/x,. and eq. A16 yields. for X > W. 

(A171 

Fig. 8. VP(x) and Q(x)_ 



We now demonstrate the densities of the a-helix 
and the )B-structure at the point of discontinuity. 
Differentiating eq. All by w and h so as to 
calculate p, = - w&r x/&v and ps = - L3ln x/ax, 
respectively, we finally have, for x = x, = I/& 

(A191 

K = I;*+ o”(2- w’) 
(1 - H$ 

t-h. 0*= V/h. 

and 

Here X and IV are the points of discontinuity and 
satisfy eq. A17. 

Appendix B: The probability distribution P,(m_. 

mp k,, kpl 

We will calculate the probability distribution 
P,,(m,. nrs. k,, kp) is the macrovariables m,, mp. 
k, and kS which are defined by the numbers of 
sites and numbers of islands of a-helix and j3- 
structure. Similarly to the case of P.,,.(nz,, n~~)~ the 
probability distribution PN( j, m,, mB, k,, kB), not 
yet normalized, is defined for m, a-helical sites, 
mP /3-structure sites, k, a-helical islands and k, 
p-structure islands existing in the region from the 
jth to the Nth site. This satisfies the following 
recurrence formula: 

PX( j_m,.mB. k_.k&.J)= P~(j+I.m,.ma.k,.liS)l,(j) 

m.. --I-,+, 

+e(mo) ,c, fAi.i +f--l)L(j+r) 

xP,(j+l+l,m,-/.m,,k,--I&) 

ma-li,+t 

+wm.ej c fs(i._j+~-I)f,(j+0 
I-1 

~P,(j+I+I.m,.rn~-l,k,.ks-I), 

where we put P,(N + I,O,O.O,O)= P,(N + 
2,0,0,0,0)= l,f,(N + I)= 1, and PN( j, rn,? nzp, k,, 
kp)= 0, for (m,, mS, k,, ksNIO,Nl X IO,Nl X 
[O,N]X[O~N]\O+ the set Oi of (m,, mp, k,, kp) 
forgivenjof PN(j,m,,mB.k~,ks) like theset Mj 
of available (m,, ms), is determined by the con- 
sistency conditions and is given by the sum of the 
following sets: 

.TV’_, w--m rn* ma 
(I) ,“_, 

m 
” 0 & ${(+m&.“&> 
ma 

N-,--1 .h’-,--m, mi”(,~--j+*-_(m,+m~,.m,, 
(2) u v U 

“2,--l ma- mTiX(N.-t 1 -rn,.l, k-, = 1 

min(~-~+2-_(m,+ma+h,).ma) 

u 
AD-I 

{( ~+q.k,.kp)} 

N-,+1 min(mfl.N--j+2-mma) 

(3) u U 
ma-* kB-1 

{(O.ms.O_ka)) 

iV-,+I min(m,.M-,+2--m,) 

(4) u v 
m,--I &,-I 

{(m_.O.k,.O)) 

(5) ((0.0.0.0)) 

where 

~. 
3 

and 

for ” = even. 

for n = odd. 

In terms of the probability distributions P,( j. nz,, 
nzg, k,, kB) and the sets OJY we can obtain some 
useful quantities as mentioned in the case of (m,. 
m/3)- 
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